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Given the Cartesian coordinates of n pointsin a plane, this paper is concerned with
finding the closest pair of pointsin atimein O (nlog n).

I nput

A set P of n points in the plane.

P={p(@D.p (2, ..... p(n)}, where p(i) = { x(i), y(i) }
Output

A pair of pointsthat is closest in the input set.

Algorithm

Introduction

The algorithm described here uses a divide and conquer approach to find out the closest
pair of pointsin aplane. It takes an input array of points of the type described as input
above. The distance between any two points in Cartesian geometry is defined as:

Distance { (xz,y1), (X2,¥2) } = Square root of ( (x.—X2)? + (y1—Y2)?).

In this algorithm, we assume that the expression DISTANCE (i, ) defines the distance
between p(i) and p(j) in the input array.

The input can be viewed in the plane as shown below:
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Working
We assume that the input array is sorted along the x coordinate of each element. In such a
case, for each j, x(j) £ x(j+1).

The algorithm proceeds by drawing a vertical line across the plane and dividing the plane
into two halves, P gt and Prigne. The vertical lineis placed exactly at the middle between
the leftmost and the rightmost point in the input array, which is exactly at (% + X,)/2. The
plane can now be viewed as:
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The plane is now divided into two halves in such a way that:
PLeft :{ p(1)1 p(2)| ceeey p(n/Z)}

Pright ={ p(n/2+ 1), ....... , p(n) }
There are three possibilities at this stage:

a Theclosest pair isin the left sub-plane

b. The closest pair isin the right sub-plane

c. Theclosest pair is such that one point isin the left sub-plane and other point isin
the right sub-plane

The algorithm now keeps on dividing each sub-plane (P« and Prigr) and stops dividing
until it finds a sub-plane with only two or three pointsin it. In this plane, the algorithm
uses a procedure SHORTEST (S), which takesin input S, a set of three or lesser points
and returns a pair of points which isthe closest pair in the set S. This procedure is not

Page 2 of 6



Closest Pair

explained in detail in this paper. SHORTEST (S) always runs in constant time, as the size
of itsinput is always less than or equal to three. So, it does not affect the time complexity
of the algorithm.

Algorithm

procedur e findclosest ( P, int n)

{ nisthe number of elementsin set P}

Set: Peft, Prignt, Pleftmin, Prightmin, Pclosest

if (n £ 3)
return SHORTEST (P)

else
Plet = { p(2), p(2), ..., p(n/2) }
Prigt = { pV2+1), ......., p(n) }
Pleftmin - findclosest (P gt , N/2)
Prightmin - findclosest (Pright, 1/2)
Pclosest— MERGEPLANES (Pleftmin, Prightmin)
return Pclosest

endif

endprocedure

procedure MERGEPLANES (P1, P2)
D= MINIMUM (P1, P2)

for (every iinPl)
for every j in P2 such that
X <x% + DAND (yi+d>y>yi—d)
if DISTANCE (i,j) < D
return (i, j)
endfor
endfor
endprocedure
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Theorem | The algorithm MERGEPLANEStakes a timein O (n) to find the closest
pair between two given planes.

Proof:

We can show that the algorithm MERGEPL ANES has the time complexity in O(n) by
showing that for every element in plane 1, there are only a fixed number of pointsto be
evaluated. For apoint X to be considered, it should not be morethan D distance from
the partition. In other words, all points in both the planes which are not more than D
distance apart will have to be considered in order to find the closest pair.
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Also for aparticular point on plane P1, the points which we need to consider on plane P2
must have y-coordinates between Y+ D and Y;- D. Hence, we can say that, for a
particular point in P1, there exists a fixed areain P2 in which all the points which need to
be evaluated exist. This area can be represented in the form of a rectangle with width as

D and height as2 D.

D

2D
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The above rectangle can be divided into 8 equal squares with each square having a

dimensionof D/2. The diagonal distance of asguareis D/+/2, whichislessthan D.
Hence, we can say that for all the squares in the specifies rectangle on P2 there cannot be
more than one points since D is the minimum distance between any two points, and if
there are two points then their distance would be lessthan D. Thus, we can say that there
can be at most 8 points in P2 that need to be considered while evaluating any point in P1.

In the algorithm, MERGEPLANES, the second for loop will find all points that are inside
thisrectangle of dimension Dby 2 D. So, the second for loop will always execute for
only 8 times, which is O (1). The first for loop will execute for O (n) times. So, together
the MERGEPLANES agorithm will run in atime complexity of O (n) * O (1). That is, it
will runin O (n).

Theorem I1: The algorithm findclosest takes a time in O (n log n) to find the closest
pair on a given plane.

Proof:

Bass:

The time complexity analysis of this algorithm can be divided into the several stages.
Initially, the input set is sorted in the non-decreasing order of the x coordinate. Time
complexity of thisalgorithm isin O (nlog n). The partitioning of the given set of points
cantake alinear time g (n) I O (n). After partitioning, there are recursive calls on the
two sub-sets each of size n/2. It then remains to merge the two sets returned by the
recursive cals, which can be proven to takeatimeinm (n) I O (n). Thus, in total, the
algorithm takes a time complexity of

t(n)=t(n/2) +t(n/2) +cn
=2t(n/2) +cn

Note that the procedure MERGEPLANES takes O (n). Thisis proved in the Theorem I.
Induction Sep:
Consider the induction step for the next iteration in which the set P is further divided into
two subsets. The time complexity for both the sets becomes
t(n)=2(2t(n/4) +cn/2) +cn
= 4t (n/4) +2cn
Similarly, for the next step, the time complexity becomes
t(n)=2(4t(n/8)+2cn/2)+cn
=8t (n/8) +3cn

By Induction hypothesis,
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t(n) =2t (n/2) +kcn

Substituting, n = 2¢
k=log 2n

t(n=nt(1) +nclogn
t(n=n+nlogn

t(nN)=0(nlogn)
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