Chapter 4. Context-free Languages

In this chapter, we study context-free grammars and languages.
Context-free grammars are used to describe the syntax of progrengm
languages, i.e., to specify parsers of programming langaage

A language is called context-free i it is generated by a conteped
grammar. It will turn out that the set of all context-free languageés a
proper superset of the set of all regular languages. On the otlaerdh
the context-free languages have weaker closure properties than th
regular languages, and we won't be able to give algorithms for
checking grammar equivalence or minimizing the size of gransmar
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Section 4.1: Grammars, Parse Trees and
Context-free Languages

In this section, we:
say what (context-free) grammars are;
use the notion of a parse tree to say what grammars mean;

say what it means for a language to be context-free.



(4.1) (Context-free) Grammars

A context-free grammarCFG, or just grammar)G consists of:

a nite set Qg of symbols (we call the elements Qfg the
variablesof G);

an elementsg of Qg (we callsg the start variableof G);

a nite subsetPg of f (g;X) ] g2 Qg andx 2 Str g (we call the
elements ofPg the productionsof G).
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elements ofPg the productionsof G).

In a context where we are only referring to a single CIgs,we
sometimes abbreviat®g, Sg and Pg to Q, s and P, respectively.
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to name variables.
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(4.1) (Context-free) Grammars

A context-free grammarCFG, or just grammar)G consists of:

a nite set Qg of symbols (we call the elements Qfg the
variablesof G);

an elementsg of Qg (we callsg the start variableof G);

a nite subsetPg of f (g;X) ] g2 Qg andx 2 Str g (we call the
elements ofPg the productionsof G).

In a context where we are only referring to a single CIig&;,we
sometimes abbreviat®g, Sg and Pg to Q, s and P, respectively.
Whenever possible, we will use the mathematical variables and r
to name variables.

We write Gram for the set of all grammars. Since every grammar can
be described by a nite sequence of ASCII characters, we have tha
Gram Is countably in nite.
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(4.1) Example Grammar

As an example, we can de ne a CHG (of arithmetic expressions) as
follows:

Qg = fEQ;
Sc = E;
PG -

f (E; Enplus E); (E; Eitimes E); (E; hopenParEhclosPar); (E; hdi)g.

E.g., we can read the productiofE; E hplus E) as \an expression can
consist of an expression, followed bynalus symbol, followed by an
expression".



(4.1) Notation for Grammars

We typically describe a grammar by listing its productions,tuag a
production(qg; x) asq! x, and grouping productions with identical
left-sides into production families. Unless we say otherwise, th
grammar's variables are the left-sides of all of its productioasd its
start variable is the left-side of its rst production.

Thus, our grammarG is

E! EmplusE;

E! EhimesE;

E!'h openParEhclosPar;
E!'h idi;

or

E! Ehplus Ej Ehltimed E | hopenParEhclosPar | hidi :



(4.1) Forlan Syntax for Grammars

The Forlan syntax for grammars is very similar to the notation of the

preceding slide. E.g., here is how our example grammar can be
described in Forlan's syntax:

{variables}
E

{start variable}
E

{productions}
E -> E<plus>E | E<times>E | <openPar>E<closPar> | <id>

Production families are separated by semicolons.



(4.1) Processing CFGs in Forlan

The Forlan moduleGramde nes an abstract typegram (in the
top-level environment) of grammars as well as a number of flordi
and constants for processing grammars, including:

val input . string -> gram
val output . string * gram -> unit
val numVariables : gram -> int

val numProductions : gram -> int
val equal . gram * gram -> bool



(4.1) More on Grammars

The alphabet of a grammarG (alphabet (G)) is

f a2 Sym | there areq; x such that(q; x) 2 Pg and
a 2 alphabet (x)g
QG
l.e., alphabet (G) is all of the symbols appearing in the strings @fs
productions that aren't variables.

For example, the alphabet of our example gramn@ans
fhplug ; times ; hopenPar; hclosPar; hdig .



(4.1) Grammar Alphabets in Forlan

The Forlan moduleGramde nes a function

val alphabet : gram -> sym set

for calculating the alphabet of a grammar.

E.g., If gramof type gramis bound to our example grammas, then
Forlan will behave as follows:

- val bs = Gram.alphabet gram;

val bs = - : sym set

- SymSet.output(", bs);

<id>, <plus>, <times>, <closPar>, <openPar>
val it = () : unit



(4.1) Parse Trees

We will explain when strings are generated by grammars using the
notion of a parse tree. The s®T of parse treess the least subset of

Tree sym r wg (the set of all(Sym [f %g)-trees; see Section 1.3)
such that:

(1) foralla2 Sym,n2 N andpty; :::;pt, 2 PT,
a(pty; :::;pty) 2 PT;

(2) for all g2 Sym, q(%) 2 PT .

Sincen is allowed to bel in rule (1), for every symbo&, we have that
a() is a parse tree, which we normally abbreviateaoOn the other
hand, % = %() 62°T . In rule (2), (%) abbreviatesg(%()) .

It is easy to see thaPT is countably in nite.
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(4.1) Parse Tree Examples

For example A(B; A(%); B(0)), i.e.,

B/:\

B
|
% 0

IS a parse tree. On the other hand, althoud{{B; %; B), i.e.,

A
B % B

Is a(Sym [f %qQ)-tree, it's not a parse tree, since it can't be formed
using rules (1) and (2).
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(4.1) Induction Principle foPT

Since the sefPT of parse trees is de ned inductively, it gives rise to
an induction principle. Theprinciple of induction onPT says that

for allpt 2 PT ; P(pt)

follows from showing

(1) foralla2 Sym,n2 N andpty; :::;pt, 2 PT, if

then

(2) for all g2 Sym,
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(4.1) Induction Principle foPT

Since the sefPT of parse trees is de ned inductively, it gives rise to
an induction principle. Theprinciple of induction onPT says that

for allpt 2 PT ; P(pt)

follows from showing

(1) foralla2 Sym,n2 N andpty; :::;pt, 2 PT, if

P(pty); i P(pty);

then
P(a(pty; :::;pty));
(2) for all g2 Sym,

P (q(%)):
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(4.1) The Yield of a Parse Tree

We de ne the yield of a parse tree, as follows. The function
yield 2 PT ! Str is de ned by recursion:

for alla2 Sym, yield (a) = a;
forallg2 Sym,n2 N f Ogandpty; :::;pt, 2 PT,
yield (q(pty; :::;pt,)) = yield (pt;)  yield (pt,);
for allg2 Sym, yield (q(%)) = % .
We say thatw is theyield of pt i w = yield (pt).
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(4.1) Yield Example

For example, the yield of

I

B A B
|
0

%
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(4.1) Yield Example

For example, the yield of

B/:\

B
|
% 0

IS

yield (B) yield (A (%)) yield (B(0)) = B%yield (0) = B%0 = BO:
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(4.1) Validity of Parse Trees for Grammars

We say when a parse tree is valid for a gramn@aas follows. De ne
a functionvalid ¢ 2 PT !'f true ;falseg by recursion:

for alla 2 Sym, valid g(a) =

forallg2 Sym,n2 N f Ogandpty; :::;pt, 2 PT,

valid g (g(pty; :::;pt,))

for all g2 Sym, valid g (q(%)) =

We say thatpt isvalid for G i1 valid g (pt) = true . We sometimes
abbreviatevalid ¢ to valid .
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(4.1) Validity of Parse Trees for Grammars

We say when a parse tree is valid for a gramn@aas follows. De ne
a functionvalid ¢ 2 PT !'f true ;falseg by recursion:

for alla2 Sym, valid g(a) = a 2 alphabet (G) or a2 Qg;
forallg2 Sym,n2 N f Ogandpty; :::;pt, 2 PT,
valid g (q(pty; @::;pty))
= (g;rootLabel (pt;) rootLabel (pt,)) 2 Pg and
valid g (pt,) and and valid ¢ (pt,);

forallg2 Sym, valid ¢(q(%)) = ( q;%) 2 Pg.

We say thatpt isvalid for G i1 valid g (pt) = true . We sometimes
abbreviatevalid ¢ to valid .
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(4.1) Parse Tree Validity Examples

SupposeG is the grammar

A! BAB| %:
B! 0

(by convention, its variables arA and B and its start variable isA).
Let's see why the parse tre®&(B; A(%); B(0)) is valid forG.

16



(4.1) Parse Tree Validity Examples

SupposeG is the grammar
A! BAB | %;
B! O

(by convention, its variables arA and B and its start variable isA).
Let's see why the parse tre®&(B; A(%); B(0)) is valid forG.

SinceA! BAB 2 Pg and the concatenation of the root labels of
the sub-treesB, A(%) and B(0) is BAB, the overall tree will be
valid for G if these sub-trees are valid fd@s.
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(4.1) Parse Tree Validity Examples

SupposeG is the grammar
A! BAB | %;
B! O

(by convention, its variables arA and B and its start variable isA).
Let's see why the parse tre®&(B; A(%); B(0)) is valid forG.

SinceA! BAB 2 Pg and the concatenation of the root labels of
the sub-treesB, A(%) and B(0) is BAB, the overall tree will be
valid for G if these sub-trees are valid fd@s.

The parse treeB is valid forG sinceB 2 Qg.
SinceA! % 2 Pg, the parse treeA(%) is valid forG.
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(4.1) Validity Examples (Cont.)

SinceB! 02 Pg and the root label of the sub-tre® is O, the
parse treeB(0) will be valid forG if the sub-tree0 is valid forG.
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(4.1) Validity Examples (Cont.)

SinceB! 02 Pg and the root label of the sub-tre® is O, the
parse treeB(0) will be valid forG if the sub-tree0 is valid forG.

The sub-tree0 is valid forG sinceO 2 alphabet (G).
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(4.1) Validity Examples (Cont.)

SinceB! 02 Pg and the root label of the sub-tre® is O, the
parse treeB(0) will be valid forG if the sub-tree0 is valid forG.

The sub-tree0 is valid forG sinceO 2 alphabet (G).

Thus, we have that

B/:\

B
|
% 0

Is valid forG.
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(4.1) Validity Examples (Cont.)

SupposeG is our grammar of arithmetic expressions
E! ElplusE|j Ehimes Ej hopenParEhclosPar j hidi:

Then the parse tree

T

E hplusi E
m |
E himesi hidi
| \

hidi hidi

Is valid forG.
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(4.1) The Meaning of Grammars

A string w is generated bya grammarG i w 2 alphabet (G) and
there is a parse treget such that

pt is valid forG;
rootLabel (pt) = sg;
yield (pt) = w.
The language generated by grammarG (L(G)) is

f w2 Str | wis generated bys g:

Proposition 4.1.1
For all grammarsG, alphabet (L(G)) alphabet (G).
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(4.1) Grammar Meaning Examples

Let G be the example grammar

A! BAB | %;
B! O:

Then 00 is generated by since
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(4.1) Grammar Meaning Examples

Let G be the example grammar

A! BAB | %;
B! O:

Then 00 is generated by since002 f Og = alphabet (G) and the
parse tree

Is valid forG, hassg = A as its root label, and ha80 as its yield.
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(4.1) Grammar Meaning Examples

Let G be the example grammar

A! BAB | %;
B! O:

Then 00 is generated by since002 f Og = alphabet (G) and the
parse tree

/A\

B A B
| |
0 0

%

Is valid forG, hassg = A as its root label, and ha80 as its yield.
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(4.1) Grammar Meaning Examples (Cont.)

SupposeG is our grammar of arithmetic expressions
E! ElplusE|j Ehimes Ej hopenParEhclosPar j hidi:

Then hdihtimeghidinplughidi is generated byG since
hdintimeghidihplughidi 2 alphabet (G) and the parse tree

IS valid forG, hassg = E as its root label, and has
hdihtimeghidihplughidi as its yield.
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(4.1) Context-free Languages

A languagel is context-freei L = L(G) for someG 2 Gram . We
de ne

CFLan =fL(G)) G2 Gram ¢
= fL 2 Lan | L is context-freen:

Sincef 0°g, f0'g, f0?g, ..., are all context-free languages, we have
that CFLan is in nite. But, since Gram is countably in nite, it
follows that CFLan is also countably in nite.

SincelLan is uncountable, it follows thalCFLan ( Lan, i.e., there
are non-context-free languages. Later, we will see that
RegLan ( CFLan .
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(4.1) Equivalence of Grammars

We say that grammar$s and H areequivalenti L(G)= L(H). In
other words,G andH are equivalent i G and H generate the same
language. We de ne a relation onGram by: G H i1 G andH
are equivalent. It is easy to see that is re exive onGram ,
symmetric and transitive.
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(4.1) Processing Parse Trees in Forlan

The Forlan modulePT de nes an abstract typept of parse trees (in
the top-level environment) along with some functions for procegs

parse trees:

val input . string -> pt

val output . string * pt -> unit
val height . pt -> int

val size . pt > int

val equal . pt * pt -> bool
val rootLabel : pt -> sym

val yield . pt -> str

The Forlan syntax for parse trees is simply the linear syntax thatve
been using in this section.
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(4.1) Using JTR to View and Edit Parse Trees

The Java program JTR (for \Java TRee") can be used to displaydan
edit parse trees. It can be invoked via Forlan, or run standaloSee
the Forlan WWW site for more information.
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(4.1) More Parse Tree Processing

The Forlan moduleGramalso de nes the functions

val checkPT : gram -> pt -> unit
val validPT : gram -> pt -> bool

The functioncheckPTis used to check whether a parse tree is valid
for a grammar; if the answer is \no", it explains why not and sas an
exception; otherwise it simply returng . The functionvalidPT
checks whether a parse tree is valid for a grammar, silently ret
true if it is, and silently returningfalse if it isn't.
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(4.1) Forlan Examples

Suppose the identi ergram of type gramis bound to the grammar

A! BAB | %;
B! O:

And, suppose that the identi egram’ of type gramis bound to our
grammar of arithmetic expressions

E! Ehplus Ej Ehltimed E | hopenParEhclosPar | hidi :
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(4.1) Forlan Examples (Cont.)

Here are some examples of how we can process parse trees using
Forlan:

- val pt = PT.input ";
@A(B, A(%), B(0))

@.

val pt = - : pt

- Sym.output("™, PT.rootLabel pt);
A

val it = () : unit

- Str.output("™, PT.yield pt);
BO

val it = () : unit

- Gram.validPT gram pt;
val it = true : bool
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(4.1) Forlan Examples (Cont.)

- val pt' = PT.input ";

@ E(E(E(<id>), <times>, E(<id>)), <plus>, E(<id>))
@.

val pt' = - : pt

- Sym.output(", PT.rootLabel pt');
E

val it = () : unit

- Str.output("™, PT.yield pt";
<id><times><id><plus><id>

val it = () : unit

- Gram.validPT gram' pt’;

val it = true : bool
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(4.1) Forlan Examples (Cont.)

- Gram.checkPT gram pt’;
invalid production : "E -> E<plus>E"

uncaught exception Error
- Gram.checkPT gram' pt;
invalid production : "A -> BAB"

uncaught exception Error
- PT.input "

@ A(B,%,B)

@.

% labels inappropriate node

uncaught exception Error
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(4.1) Grammar Synthesis Example

We conclude this section with a grammar synthesis example. Ss@po
X =f0"1"2M3" jn;m 2 Ng. How can we nd a grammaG such
that L(G) = X ?

The key is to think of generating the strings of
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(4.1) Grammar Synthesis Example

We conclude this section with a grammar synthesis example. Ss@po
X =f0"1"2M3" jn;m 2 Ng. How can we nd a grammaG such
that L(G) = X ?

The key is to think of generating the strings of from the outside in,
In two phases. In the rst phase, one generates pairdasfand 3's,
and, in the second phase, one generates pair$'s®fand2's. E.g., a
string could be formed in the following stages:
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We conclude this section with a grammar synthesis example. Ss@po
X =f0"1"2M3" jn;m 2 Ng. How can we nd a grammaG such
that L(G) = X ?

The key is to think of generating the strings of from the outside in,
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(4.1) Grammar Synthesis Example

We conclude this section with a grammar synthesis example. Ss@po
X =f0"1"2M3" jn;m 2 Ng. How can we nd a grammaG such
that L(G) = X ?

The key is to think of generating the strings of from the outside in,
In two phases. In the rst phase, one generates pairdasfand 3's,
and, in the second phase, one generates pair$'s®fand2's. E.g., a
string could be formed in the following stages:

0 3
00 33
001233
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(4.1) Grammar Synthesis Example (Cont.)

This analysis leads us to the grammar

Al

whereA corresponds to the rst phase, anB to the second phase.
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(4.1) Grammar Synthesis Example (Cont.)

This analysis leads us to the grammar

Al 0AS
Al

whereA corresponds to the rst phase, anB to the second phase.
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(4.1) Grammar Synthesis Example (Cont.)

This analysis leads us to the grammar

Al 0AS
Al B;
Bl

whereA corresponds to the rst phase, anB to the second phase.
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(4.1) Grammar Synthesis Example (Cont.)

This analysis leads us to the grammar

Al 0AS
Al B;
B! 1B2
Bl

whereA corresponds to the rst phase, anB to the second phase.
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(4.1) Grammar Synthesis Example (Cont.)

This analysis leads us to the grammar

Al 0A3
Al B;
B! 1B2
B! %;

whereA corresponds to the rst phase, anB to the second phase.
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(4.1) Grammar Synthesis Example (Cont.)

For example, here is how the striri@)1233may be parsed usin:

- :\2
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