Section 3.7: Proving the Correctness of Finite

Automata

In this section, we consider techniques for proving the correctness of
finite automata, i.e., for proving that finite automata accept the
languages we want them to. We begin with some propositions
concerning the A function.
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(3.7) Propositions for A

Proposition 3.7.1
Suppose M is a finite automaton.

(1) Forallqg € Qu, € An({g},%).

(2) For all q,r € Qur and w € Str, if (q,w,r) € Ty, then
€ Apm({q}, w).

(3) For all p,q,r € Qp and x,y € Str, if g € Ay ({p},x) and
re Ayp({q},y), then € Ay ({p}, ).
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(1) Forallq € Qum, q € An({q}, 7).

(2) For all q,r € Qur and w € Str, if (q,w,r) € Ty, then
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Proposition 3.7.2
Suppose M is a finite automaton. For all p,r € Oy and w € Str, if
r € Ap({p},w), then either:
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(3.7) Propositions for A (Cont.)

Proposition 3.7.2
Suppose M is a finite automaton. For all p,r € Oy and w € Str, if
r € Ap({p},w), then either:

e r=pandw=%,or

e there are q € QQyy and x,y € Str such that w = xy,
(p,,q) € Ty and r € Anr({q},y).
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(3.7) Propositions for A (Cont.)

Proposition 3.7.2
Suppose M is a finite automaton. For all p,r € Oy and w € Str, if
r € Ap({p},w), then either:

e r=pandw=%,or

e there are q € QQyy and x,y € Str such that w = xy,
(p,,q) € Ty and r € Anr({q},y).

Proposition 3.7.3
Suppose M is a finite automaton. For all p,r € Oy and w € Str, if
r € Ay ({p},w), then either:

e r=pandw=%;or

e there are q € (Q); and x,y € Str such that w = zv,
q € AM({p}a ZIJ) and (%ya T) S TM
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(3.7) Example Correctness Proof

Let M be the finite automaton
0 222

11
Start

To prove that L(M) = {0}*{11}{222}*, it will suffice to show that
L(M) C {0}*{11}{222}* and {0}*{11}{222}* C L(M).

First, we show that {0}*{11}{222}* C L(M); then, we show that
L(M) C {0}*{11}{222}".



(3.7) 107111 }{222}" € L(M)

First, we use mathematical induction to prove that, for all n € N,
A e A({A},07).

e (Basis Step) By Proposition 3.7.1(1), we have that
A e A({A},%). But 0° = %, and thus A € A({A},0").

e (Inductive Step) Suppose n € N, and assume the inductive
hypothesis: A € A({A},0™). We must show that
A e A({A},0"T1). Since (A,0,A) € T, Proposition 3.7.1(2) tells
us that A € A({A},0). Since A € A({A},0) and A € A({A},0"),
Proposition 3.7.1(3) tells us that A € A({A},00™). Since
0"+l = 007", it follows that A € A({A},0""1).

Similarly, we can use mathematical induction to prove that, for all
n €N, Be A({B}, (222)™).



(3.7) {0}*{11}{222}* C L(M) (Cont.)

Now, suppose w € {0}*{11}{222}*. Then w = 0"11(222)™ for some
n,m € N. By the result of our first induction, we have that

A € A({A},0™). Since (A,11,B) € T, we have that B € A({A},11),
by Proposition 3.7.1(2). Thus, by Proposition 3.7.1(3), we have that
B e A({A},0"11). By the result of our second induction, we have
that B € A({B}, (222)™). Thus, by Proposition 3.7.1(3), we have
that B € A({A},07"11(222)™). But w = 0"11(222)™, and thus

B e A({A},w). Since A is M's start state and B is an accepting state
of M, it follows that A({sx;},w) N Aps # 0, so that (by

Proposition 3.5.3) w € L(M).



(3.7) L(M) C {0}*{11}{222}*

Since alphabet(M) = {0,1,2}, it will suffice to show that, for all
w € {0,1,2}*,

if B e A({A},w), then w € {0}*{11}{2221*.

(To see that this is so, suppose w € L(M). Then
A({A},w)N{B} # (), so that B € A({A},w). By Proposition 3.3.1,
we have that

alphabet(w) C alphabet(L(M)) C alphabet(M) = {0, 1,2},

so that w € {0,1,2}*. Thus w € {0}*{11}{222}*.)
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We use strong string induction to show that, for all w € {0,1,2}*,
(A) if Ae A({A},w), then
(B) if Be A({A},w), then w € {0}*{11}{222}*.



(3.7) L(M) C {0}*{11}{222}* (Cont.)

We use strong string induction to show that, for all w € {0,1,2}*,
(A) if A e A({A},w), then w € {0}*;
(B) if Be A({A}, w), then w € {0}*{11}{222}*.
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

We use strong string induction to show that, for all w € {0,1,2}*,
(A) if A e A({A},w), then w € {0}*;
(B) if Be A({A}, w), then w € {0}*{11}{222}*.

Suppose w € {0,1,2}*, and assume the inductive hypothesis: for all
r e {0,1,2}*, if |z| < |w]|, then

(A) if A e A({A}, z), then x € {0}*;
(B) if Be A({A}, x), then = € {0}*{11}{222}*.

We must show that
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

We use strong string induction to show that, for all w € {0,1,2}*,
(A) if A e A({A},w), then w € {0}*;
(B) if Be A({A}, w), then w € {0}*{11}{222}*.

Suppose w € {0,1,2}*, and assume the inductive hypothesis: for all
r e {0,1,2}*, if |z| < |w]|, then

(A) if A€ A({A},z), then = € {0}*;

(B) if B € A({A},z), then = € {0}*{11}{222}*,
We must show that

(A) if A € A({A}, w), then w € {0}*;

(B) if B € A({A},w), then w € {0}*{11}{222}*.



(3.7) L(M) C {0}*{11}{222}* (Cont.)
(A) Suppose A € A({A},w). We must show that w € {0}*. By
Proposition 3.7.3, there are two cases to consider.
e Suppose A = A and w = %.

e Suppose there are ¢ € Q and z,y € Str such that w = zv,
1€ A({A},2) and (q,9,A) € T
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(A) Suppose A € A({A},w). We must show that w € {0}*. By
Proposition 3.7.3, there are two cases to consider.

e Suppose A=A and w = %. Then w =% € {0}".

e Suppose there are ¢ € Q and z,y € Str such that w = zv,
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(3.7) L(M) C {0}*{11}{222}* (Cont.)
(A) Suppose A € A({A},w). We must show that w € {0}*. By
Proposition 3.7.3, there are two cases to consider.
e Suppose A=A and w = %. Then w =% € {0}*.

e Suppose there are ¢ € Q and z,y € Str such that w = zv,
qg € A({A},z) and (q,y,A) € T. Since (q,y,A) € T, we have
that ¢ = A and y = 0, so that w = 20 and A € A({A}, x).
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(A) Suppose A € A({A},w). We must show that w € {0}*. By
Proposition 3.7.3, there are two cases to consider.

e Suppose A=A and w = %. Then w =% € {0}".

e Suppose there are ¢ € Q and z,y € Str such that w = zv,
qg € A({A},z) and (q,y,A) € T. Since (q,y,A) € T, we have
that ¢ = A and y = 0, so that w = 20 and A € A({A},x). Since
|z| < |wl, part (A) of the inductive hypothesis tells us that
x € {0}*. Thus w =20 € {0}*{0} C {0}*.

O-c



(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.

e Suppose ¢ = A and y = 11.

e Suppose ¢ = B and y = 222.
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.

e Suppose ¢ = A and y = 11. Thus w = 11 and A € A({A}, x).

e Suppose ¢ = B and y = 222.
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.

e Suppose ¢ = A and y = 11. Thus w = 211 and A € A({A}, ).
Since |x| < |w]|, part (A) of the inductive hypothesis tells us that
x € {0}*. Thus w =211% € {0}*{11}{222}*.

e Suppose ¢ = B and y = 222.
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.

e Suppose ¢ = A and y = 11. Thus w = 211 and A € A({A}, ).
Since |x| < |w]|, part (A) of the inductive hypothesis tells us that
x € {0}*. Thus w =211% € {0}*{11}{222}*.

e Suppose ¢ = B and y =222, Thus w = 2222 and B € A({A}, z).
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(3.7) L(M) C {0}*{11}{222}* (Cont.)

(B) Suppose B € A({A},w). We must show that

w € {0}*{11}{222}*. Since B # A, Proposition 3.7.3 tells us that
there are ¢ € Q and x,y € Str such that w = xy, ¢ € A({A},x) and
(q,y,B) € T. Thus there are two cases to consider.

e Suppose ¢ = A and y = 11. Thus w = 211 and A € A({A}, ).
Since |x| < |w]|, part (A) of the inductive hypothesis tells us that
x € {0}*. Thus w =211% € {0}*{11}{222}*.

e Suppose ¢ = B and y =222, Thus w = 2222 and B € A({A}, z).
Since |x| < |w]|, part (B) of the inductive hypothesis tells us that
r € {0V {11}{222}*. Thus
w = 2222 € {0}*{111{222}*{222} C {0}*{11}{222}*.
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(3.7) Alternative Approach to
{0} {11}{222}* C L(M)

We could also prove {0}*{11}{222}* C L(M) by strong string
induction. To prove that L(M) C {0}*{11}{222}*, we proved that,
for all w € {0,1,2}*:

(A) if Ae A({A},w), then w € {0}*;
(B) if Be A({A},w), then w € {0}*{11}{222}*.
To prove that {0}*{11}{222}* C L(M), we could
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(3.7) Alternative Approach to
{0} {11}{222}* C L(M)

We could also prove {0}*{11}{222}* C L(M) by strong string
induction. To prove that L(M) C {0}*{11}{222}*, we proved that,
for all w € {0,1,2}*:

(A) if A e A({A}, w), then w € {0}*;
(B) if Be A({A},w), then w € {0}*{11}{222}*.

To prove that {0}*{11}{222}* C L(M), we could simply reverse the
implications in (A) and (B) of this formula, proving that for all
w € {0,1,2}*:

(A) if w e {0}*, then A € A({A}, w);
(B) if we {0}*{11}{222}*, then B € A({A}, w).
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(3.7) Correctness Proofs for FAs with %-Moves

Suppose NN is the finite automaton
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To prove that L(N) =
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(3.7) Correctness Proofs for FAs with %-Moves

Suppose NN is the finite automaton

0 1

()
Start

To prove that L(N) = {0}*{1}*, it will suffice to show that
L(N) € {0}"{1}" and {0}*{1}* € L(N).

The proof that {0}*{1}* C L(N) is similar to our proof that
{0} {11}{222}* C L(M).
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(3.7) Correctness Proofs with %-Moves (Cont.)

To show that L(N) C {0}*{1}*, it would suffice to show that, for all
w € {0,1}%,

(A) if A e A({A},w), then w € {0}*;
(B) if Be A({A}, w), then w € {0}*{1}*.

Can we prove this using strong string induction?

13



(3.7) Correctness Proofs with %-Moves (Cont.)

To show that L(N) C {0}*{1}*, it would suffice to show that, for all
w € {0,1}*,

(A) if A e A({A},w), then w € {0}*;

(B) if Be A({A},w), then w € {0}*{1}*.
Can we prove this using strong string induction? No—Dbecause of the

transition (A, %, B), the proof of part (B) will fail. Here is how the
failed proof begins.

There are ¢ € () and x,y € Str such that w = xy,

qg € A({A},x) and (q,y,B) € T. Since (q,y,B) € T, there
are two cases to consider. Let's consider the case when ¢ = A
and y = %. Then w = 2% and A € A({A}, ).
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(3.7) Correctness Proofs with %-Moves (Cont.)

To show that L(N) C {0}*{1}*, it would suffice to show that, for all
w € {0,1}%,

(A) if A e A({A},w), then w € {0}*;

(B) if Be A({A},w), then w € {0}*{1}*.
Can we prove this using strong string induction? No—Dbecause of the

transition (A, %, B), the proof of part (B) will fail. Here is how the
failed proof begins.

There are ¢ € () and x,y € Str such that w = xy,

qg € A({A},x) and (q,y,B) € T. Since (q,y,B) € T, there
are two cases to consider. Let's consider the case when ¢ = A
and y = %. Then w = 2% and A € A({A}, ).

Unfortunately, |z| = |w]|, and so we won't be able to use part (A) of
the inductive hypothesis to conclude that x € {0}*.
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(3.7) Correctness Proofs with %-Moves (Cont.)

Instead, we would have to use mathematical induction on the length of
the labeled paths taking us from A to A and B. See the book for the
details.

14



