Section 3.3: Finite Automata and Labeled Paths

In this section, we:

Say what nite automata (FA) are, and give an introduction to
how they can be processed using Forlan;

Say what labeled paths are, and show how they can be processed
using Forlan;

Use the notion of labeled path to say what nite automata mean.
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(3.3) Finite Automata

A nite automaton (FA) M consists of:

a nite set Qy of symbols (we call the elements Qfy the states
of M);

an elementsy,; of Qu (we callsy the start state of M );

a subsetA),, of Qv (we call the elements oA, the accepting
states of M );

a nite subsetTy of f (q;x;r)jq;r2 Qu andx 2 Str g (we call
the elements ofl, the transitions of M ).

In a context where we are only referring to a single FA, we

sometimes abbreviat®y , sy, Ay andTy to Q,s, A andT,
respectively. Whenever possible, we will use the mathematical

variablesp, g andr to name states.

We write FA for the set of all nite automata, which is a countably
In nite set.
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(3.3) Example FA

As an example, we can de ne an A¥ as follows:

Qu = fA;B; Cg;
Sm = A;
Anv = fA;Cg;

v = (A1 A);(B; 11 B); (C; 111 C); (A; 0;B); (A; 2, B);
(A;0;C); (A;2,C);(B; 0,C); (B; 2, C)a.
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(3.3) Informal Explanation of FA Meaning

Finite automata arenondeterministicmachines that take strings as
iInputs. When a machine is run on a given input, it begins in its star
state.

If, after some number of steps, the machine is in statethe
machine's remaining input begins witk, and one of the machine's
transitions is(p; X; ), then the machinemay readx from its input and
switch to stateq. If (p;y;r) is also a transition, and the remaining
iInput begins withy, then consumingy and switching to stater will
also be possible, etc.
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(3.3) Informal Explanation of FA Meaning

Finite automata arenondeterministicmachines that take strings as
iInputs. When a machine is run on a given input, it begins in its star
state.

If, after some number of steps, the machine is in statethe
machine's remaining input begins witk, and one of the machine's
transitions is(p; X; ), then the machinemay readx from its input and
switch to stateq. If (p;y;r) is also a transition, and the remaining
iInput begins withy, then consumingy and switching to stater will
also be possible, etc.

If at least oneexecution sequence consumes all of the machine's input
and takes it to one of its accepting states, then we say that the input
IS acceptedby the machine; otherwise, we say that the input is
rejected The meaning of a machine is the language consisting of all
strings that it accepts.
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(3.3) Forlan's Syntax for FAs

Here is how our example F can be expressed in Forlan's syntax:

{states}

A, B, C

{start state}

A

{accepting states}

A, C

{transitions}

A 1->A: B, 11 > B: C, 111 -> C;
-> B: A, 2 > B;

> C; A 2 > C;

A,
A,
B, > C: B, 2->C

o O O



(3.3) Forlan's Syntax for FAs (Cont.)

Since whitespace characters are ignored by Forlan's inputines, the
preceding description df1 could have been formatted in many other
ways. States are separated by commas, and transitions are sephrate
by semicolons. The order of states and transitions is irrelevant.

Transitions that only di er in their right-hand states can be merge
Into single transition families. E.g., we can merge

A 0 ->B
and
A 0->C
Into the transition family

A,0->B|C



(3.3) Input and Output of FAs in Forlan

The Forlan moduleFAde nes an abstract typda (in the top-level
environment) of nite automata, as well as a large number of
functions and constants for processing FAs, including:

val input : string -> fa
val output : string * fa -> unit

Remember that it's possible to read input from a le, and to write
output to a le. During printing, Forlan merges transitions into
transition families whenever possible.



(3.3) I/O Example

Suppose that our example FA is in the [8.3-fa . We can input this
FA into Forlan, and then output it to the standard output, as follows:

- val fa = FA.input "3.3-fa";

val fa = - : fa

- FA.output("™, fa);

{states}

A, B, C

{start state}

A

{accepting states}

A, C

{transitions}
ALO>B|C A 1>A A 2->B|C;B,0->C
B,2->C; B, 11 ->B; C, 111 -> C
val it = () : unit



(3.3) Graphical Notation for FAs

We also make use of graphical notation for nite automata. Each of
the states of a machine is circled, and its accepting states are
double-circled. The machine's start state is pointed to by an arro
coming from \Start", and each transition(p; x; q) is drawn as an arrow
from state p to state g that is labeled by the string«. Multiple labeled
arrows from one state to another can be abbreviated to a single arrow
whose label consists of the comma-separated list of the labethef
original arrows.

Here is how our FAM can be described graphically:

1 11 111




(3.3) JFA, a Java Program for Editing Finite
Automata

The Java program JFA (for \Java FA") can be used to display and
edit nite automata. It can be invoked via Forlan, or run standale.
See the Forlan WWW site for more information.
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(3.3) More on Finite Automata

The alphabet of a nite automaton M (alphabet (M)) is
fa2 Sym | there areq; x;r such that(q; x;r) 2 Ty and

a 2 alphabet (x)g. l.e., alphabet (M) is all of the symbols
appearing in the strings o 's transitions.

For example, the alphabet of our example FA is f0; 1; 2g.
The Forlan module-A contains the functions

val alphabet . fa -> sym set
val numStates . fa -> int
val numTransitions : fa -> int
val equal . fa * fa -> bool
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(3.3) Labeled Paths

We will explain when strings are accepted by nite automata using th
notion of a labeled path. Aabeled pathlp has the form

X Xn 1

Gh) C) th 1) On;

wheren 2 N f 0Og, the g's (which we think of as states) are symbols,
and thex;'s are strings.
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(3.3) Labeled Paths

We will explain when strings are accepted by nite automata using th
notion of a labeled path. Aabeled pathlp has the form

X Xn 1

Gh) C) th 1) On;

wheren 2 N f 0Og, the g's (which we think of as states) are symbols,
and thex;'s are strings.

This path describes a way of getting from statg to state g,, in some
unspeci ed machine, by reading the strings; :::; X, 1 from the
machine's input. We start out in state, make use of the transition
(r; X1;p) to read x; from the input and switch to statep, etc.

We write LP for the set of all labeled paths, which is a countably
In nite set.
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(3.3) Labeled Paths (Cont.)

Let Ip be the labeled path

X1 X2
h) &) Gh 1) Gh;
We say that:
the start state of [p (startState (Ip)) is oy;
the end stateof Ip (endState (Ip)) is On;
the length of Ip (jlpj) iIsn 1,

the label of Ip (label (Ip)) is x1x2  Xn 1 (%, whenn =1).
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(3.3) Example Labeled Paths

For example
A

Is a labeled path whose start and end states are , whose length
Is , and whose label is And

0 11 2
A) B) B) C
Is a labeled path whose

start state is
end state is
length is

label is
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(3.3) Example Labeled Paths

For example
A

Is a labeled path whose start and end states are bAthwhose length
Is 0, and whose label i%%. And

0 11 2
A) B) B) C
Is a labeled path whose

start state ISA,
end state isC;
length is3;

label is
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(3.3) Example Labeled Paths

For example
A

Is a labeled path whose start and end states are bAthwhose length
Is 0, and whose label i%%. And

0 11 2
A) B) B) C
Is a labeled path whose

start state ISA,
end state isC;
length is3;

label isO(11)2 = 0112



(3.3) More on Labeled Paths

We sometimes (e.g., when using Forlan) write a path

X2 Xn 1

Q15(1CI2) Ch 1) Oh

as

s X1) CiX2) Gh 1;%Xn 1) Ch:
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(3.3) Validity of Labeled Paths in FA
A labeled path

X1 X2
Gh) ) th 1) Ch;
Isvalid foran FAM i1,forall 1 1 n 1,
(G:Xi;G+1) 2 T ;

andg, 2 Qu .
For example, the labeled paths

0 11 2
A and A) B) B) C
are valid for our example FM . But the labeled path

%
A) A

IS not valid forM , since
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X1 X2
Gh) ) th 1) Ch;
Isvalid foran FAM i1,forall 1 1 n 1,
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andg, 2 Qu .
For example, the labeled paths

0 11 2
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%
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IS not valid forM , since(A; %;A) 62T, .
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(3.3) The Meaning of Finite Automata

A string w is accepted bya nite automaton M i there is a labeled
path Ip such that

the label oflp is w;
Ip is valid forM ;
the start state oflp is the start state ofM ; and
the end state ofip is an accepting state oM .
Clearly, ifw is accepted byM , then alphabet (w) alphabet (M).

The language accepted bga nite automaton M (L(M)) is

fw2 Str | wis accepted by g:

17



(3.3) Example of FA Meaning

Consider our example FA .

We have that

L(M) =
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(3.3) Example of FA Meaning

Consider our example FA .

We have that

L(M)=11g |
f1g f0;2gf11g f0;29f111g |
f1g f0;2g9f111g :

For example %, 11, 11011211land 2111111are accepted by .
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(3.3) More on Finite Automata Meaning

Proposition 3.3.1
SupposeM is a nite automaton. Then

alphabet (L(M)) alphabet (M).

In other words, the proposition says that every symbol of everyngtr
that is accepted byM comes from the alphabet df1, i.e., appears in
the label of one oM 's transitions.
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(3.3) More on Finite Automata Meaning

Proposition 3.3.1
SupposeM is a nite automaton. Then
alphabet (L(M)) alphabet (M).

In other words, the proposition says that every symbol of everyngtr
that is accepted byM comes from the alphabet df1, i.e., appears in
the label of one oM 's transitions.

We say that nite automataM and N are equivalenti

L(M)= L(N). In other words,M andN are equivalenti M andN
accept the same language. We de ne a relationon FA by: M N
| M andN are equivalent. It is easy to see that is re exive on
FA , symmetric and transitive.
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(3.3) Processing Labeled Paths in Forlan

The Forlan moduld_P de nes an abstract typdp (in the top-level
environment) of labeled paths, as well as various functions for
processing labeled paths, including:

val input . string -> Ip

val output . string * lp -> unit
val equal . Ip * Ip -> bool
val startState : Ip -> sym

val endState : Ip -> sym

val label clp > str

val length : Ip -> int
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(3.3) Checking the Validity of Labeled Paths

The moduleFAalso de nes the functions

val checkLP : fa -> Ip -> unit
val validLP : fa -> Ip -> bool

for checking whether a labeled path is valid in a nite automaton.
These are curried functions|functions that return functions as #ir
results.

The function checkLP takes in an FAM and returns a function that
checks whether a labeled path is valid forM . Whenlp is not valid
for M, the function explains why it isn't; otherwise, it prints nothing.

The functionvalidLP takes in an FAM and returns a function that
tests whether a labeled patlp is valid forM , silently returningtrue ,
If it is, and silently returningfalse , otherwise.
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(3.3) Example Labeled Path and FA Processing

Here are some examples of labeled path and FA processags(still
our example FA):

- val Ip = LP.input
@A 1=>A 0=>B 11 => B, 2 => C, 111 => C
@.

val Ip = - : Ip

- Sym.output(", LP.startState Ip);

A

val it = () : unit

- Sym.output(", LP.endState Ip);

C

val it = () : unit

- LP.length Ip;

val it = 5 : int
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(3.3) Examples (Cont.)

- Str.output("™, LP.label Ip);
10112111

val it = () : unit

- val checkLP = FA.checkLP fa;
val checkLP = fn : Ip -> unit
- checkLP Ip;

val it = () : unit

- val Ip' = LP.fromString "A";
val Ip' = - :Ip

- LP.length Ip';

val it = 0 : int

- Str.output("™, LP.label Ip";
%

val it = () : unit

- checkLP Ip’;

val it = () : unit
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(3.3) Examples (Cont.)

- checkLP(LP.input ");
@A % => A 1 =>A
@.

invalid transition : "A, % -> A"

uncaught exception Error
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(3.3) Synthesizing a Finite Automaton

Let's consider the problem of nding a nite automaton that accepts
the set of all strings of's and 1's with an even number of's.
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(3.3) Synthesizing a Finite Automaton

Let's consider the problem of nding a nite automaton that accepts
the set of all strings of)'s and 1's with an even number of's.

It seems reasonable that our machine have two states: a sfate
corresponding to the strings d¥s and 1's with an even number of
zeros, and a stat® corresponding to the strings d¥s and1's with an
odd number of zeros. Processinglan either state should cause us to
stay in that state, but processing & in one of the states should cause
us to switch to the other state. Becaus® has an even number dfs,
the start state, and only accepting state, will b.

The above considerations lead us to the FA:
1 1

0
Start @
0
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