Section 3.11: Closure Properties of Regular
Languages

In this section, we show how to convert regular expressionsiie
automata, as well as how to convert nite automata to regular
expressions.
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(3.11) Introduction (Cont.)

As a result, we will be able to conclude that the following tetiaents
about a languagéd. are equivalent:

L is regular;

is generated by a regular expression;
is accepted by a nite automaton;

is accepted by an EFA;

is accepted by an NFA;

r - - -

is accepted by a DFA.



(3.11) Introduction (Cont.)

Also, we will introduce:

operations on FAs corresponding to union, concatenationl an
closure;

an operation on EFAs corresponding to intersection;
an operation on DFAs corresponding to set di erence.

As a result, we will have that the sé®eglLan of regular languages is
closed under union, concatenation, closure, intersectiol set

di erence. l.e., we will have that, iL;L 1;L, 2 RegLan , then

Li[ Lo, LaLo, L , L3\ Lo andL; L, are inReglLan .

The book shows several additional closure properties of leggu
languages, in addition to giving the corresponding opeyasi on
regular expressions and automata.

(3.11) Operations on FAs

In order to give an algorithm for converting regular expressi to
nite automata, we must rst de ne several constants and opeions
on FAs.

We write emptyStr for the DFA

and emptySet for the DFA

Start @

Thus, we have that (emptyStr ) = f%g and L (emptySet ) = ;
Of courseemptyStr and emptySet are also NFAs, EFAs and FAs.



(3.11) Functions for Building Simple FAs

Next, we de ne a functionstrToFA 2 Str ! FA by: strToFA (Xx) is

the FA
X

Thus, for allx 2 Str, L(strToFA (x)) = fxag.

It is also convenient to de ne a functioesymToNFA 2 Sym ! NFA
by: symToNFA (a) = strToFA (a). Of course,symToNFA is also
an element ofSym ! EFA andSym ! FA . Furthermore, for all
a2 Sym, L(symToNFA (a)) = fag.

(3.11) Unions of FAs

Next, we de ne a functionunion 2 FA FA ! FA such that
L(union (M1;M3)) = L(M1)[ L(My), forallM; M, 2 FA . If
M1; M2 2 FA | then union (M1;M>) is the FAN such that:

Qn = fAg[fh 1;0ij 92 Qm, g[fh 2;dij 92 Qw, g;
Sy = A,
An = fh1gij g2 A, g[fh 2dij 92 Au, g
Tn =
f(A;%; hL; sm,i); (A; %; 2;sm,i)g
[f (hL;qi;a;hL;ri)j(g;a;r) 2 Tv, 9
[f (h2qi;a;h2ri)j(g;a;r) 2 Tu, o



(3.11) Union Example

For example, ifM; and M, are the FAs

0 0

11 11
Start Start

(M1) (M2)

then union (M1;M>) is the FA

()

%

Start @ 0

AN

e o

(3.11) Union (Cont.)

Proposition 3.11.1
ForallM{;M> 2 FA :

L (union (M1;M2)) = L(M1) [ L(M2);
alphabet (union (M1;M,)) = alphabet (M) [ alphabet (My).

Proposition 3.11.2
For allM1; M5 2 EFA , union (M1;M») 2 EFA .



(3.11) Concatenations of FAs

Next, we de ne a functionconcat 2 FA FA ! FA such that
L(concat (M1;M3))= L(M1)L(M>), forallM1;M, 2 FA . If
M1; M2 2 FA , then concat (M1;M>) is the FAN such that:

Qn = fhl;dij 92 Qu,g[fh 2,dij 92 Qum, g;

SN = hl;swm,i;

Ay = fh2;0ij 92 Am, O;

Tn =
f (hL; qi; %; 2 sm,i)jg2 Am, 9
[f (Wai;ahtri)j(g;a,r)2 Tu, g
[f (ai;a;2ri)j(g;ar) 2 Tu, o

(3.11) Concatenation Example

For example, ifM; and M, are the FAs

0 0
11 11
Start Start

(M1) (M2)

then concat (M1; M>) is the FA

0 0

10



(3.11) Concatenation (Cont.)

Proposition 3.11.3
ForallM{;M, 2 FA :

L(concat (M1;M32)) = L(M1)L(My);

alphabet (concat (M1;M>)) =
alphabet (M;) [ alphabet (M).

Proposition 3.11.4
For allM1;M, 2 EFA , concat (M1; M) 2 EFA .
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(3.11) Closures of FAs

Next, we de ne a functionclosure 2 FA ! FA such that
L(closure (M))= L(M) ,forallM 2 FA. If M 2 FA, then
closure (M) is the FAN such that:

Qv = fAg[fhgij g2 Qu g

SN = A;
An = fAQ;
TN =

f(A; %; hsv i)g
[f (hai;%;A)ja2 Au g
[f (hai;ashri)j(g;a5r) 2 Tv O

12



(3.11) Closure Example

For example, ifM is the FA

0 1

0
11
Start —°
0

then closure (M) is the FA
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(3.11) Closure (Cont.)

Proposition 3.11.5
For allM 2 FA,

L(closure (M))= L(M) ;
alphabet (closure (M)) = alphabet (M).

Proposition 3.11.6
For allM 2 EFA , closure (M) 2 EFA .

14



(3.11) Converting Regular Expressions to Finite
Automata

We de ne a functionregToFA 2 Reg ! FA by recursion, as follows.
The goal is forL (regToFA ( )) to be equal toL( ), for all regular
expressions .

regToFA (%) = emptyStr ;
regToFA ($) = emptySet ;
forall 2 Reg, regToFA ( )= closure (regToFA ( ));

forall ; 2 Reg,
regToFA ( + )= union (regToFA ( );regToFA ( ));

15

(3.11) Converting Regular Expressions to FAs
(Cont.)

foralln2 N f Oganda;;:::;a, 2 Sym,
regToFA (a1 a,)= strToFA (a1 a,);

foraln2 N f Og, a;; :::;a, 2 Sym and 2 Reg, if doesn't
consist of a single symbol, and doesn't have the formb for
someb2 Sym and 2 Reg, thenregToFA (a; ap, )=
concat (strToFA (a;  a,);regToFA ( ));

forall ; 2 Reg,if doesn't consist of a single symbol, then
regToFA () = concat (regToFA ( );regToFA ( )).

For example, we have that
regToFA (0101 ) = concat (strToFA (010);regToFA (1)).

16



(3.11) Speci cation ofregToFA

Theorem 3.11.7
For all 2 Reg:

L(regToFA ( )= L( );
alphabet (regToFA ( )) = alphabet ( ).

Proof. Because of the form of recursion used, the proof uses
induction on the height of . 2

17

(3.11) Example Regular Expression to FA
Conversion

For exampleregToFA (0 11+ 001 ) is isomorphic to the FA

18



(3.11) Building FAs in Forlan

The Forlan modulg=Aincludes these constants and functions for
building nite automata and converting regular expresssoto nite
automata:

val emptyStr : fa

val emptySet : fa

val fromStr : str -> fa

val fromSym : sym -> fa

val union . fa * fa -> fa

val concat : fa * fa -> fa

val closure : fa -> fa

val fromReg : reg -> fa

The functionsfromStr and fromSymcorrespond tostrToFA and
symToNFA |, and are also available in the top-level environment with
the names

val strToFA : str -> fa
val symToFA : sym -> fa

19

(3.11) Building FAs in Forlan (Cont.)

The functionfromReg corresponds taegToFA and is available in
the top-level environment with that name:

val regToFA : reg -> fa

The constantsemptyStr and emptySet are inherited by the modules
DFA NFAand EFA

The function fromSymis inherited by the moduleslFAand EFA and is
available in the top-level environment with the names

val symToNFA : sym -> nfa
val symToEFA : sym -> efa

The functionsunion, concat and closure are inherited by the
moduleEFA

20



(3.11) Forlan Example

Here is how the regular expressionll+ 001 can be converted to an
FA in Forlan:

i,

- val reg = Reg.input "
@ 0*11 + 001*

@.

val reg = - : reg

- val fa = regToFA reg;
val fa = - : fa

21

(3.11) Forlan Example (Cont.)

- FA.output(™, fa);

{states}

A, <1 <1,A>> <1,<2A>> <1,<2,B>>, <2<1A>> <2<1,B>> |
<2,<2,A>>, <1,<1,<A>>>, <1,<1,<B>>> <2 <2 <A>>>,
<2,<2,<B>>>

{start state}

A

{accepting states}

<1,<2,B>>, <2,<2,A>>

{transitions}

A, % > <1,<1,A>> | <2,<1,A>>;

<1,<1,A>> % -> <1,<2,A>> | <1,<1,<A>>>;

<1,<2,A>>, 11 > <1,<2,B>>; <2,<1,A>>, 00 -> <2,<1,B>>;
<2,<1,B>>, % -> <2,<2,A>>;, <2,<2,A>> % -> <2,<2,<A>>>;
<1,<1,<A>>> 0 -> <1,<1,<B>>>;

<1,<1,<B>>>, % -> <1,<1,A>>;

<2,<2,<A>>> 1 > <2,<2,<B>>>; <2, <2, <B>>>, % -> <2,<2,A>>
val it = () : unit

22



(3.11) Forlan Example (Cont.)

- val fa' = FA.renameStatesCanonically fa;

val fa' = - : fa

- FA.output(™, fa";

{states}

A B, C,D E F G H I J K

{start state}

A

{accepting states}

D, G

{transitions}

A, % ->B|E B, %->C|H; C, 11 -> D; E, 00 -> F;
F, % >G; G, % ->J H O0->1I1 %->B; J 1->K;
K, % -> G

val it = () : unit

23

(3.11) Forlan Example (Cont.)

Thusfa' is the nite automaton

24



(3.11) Converting FAs to Regular Expressions

We will now work towards the description of an algorithm for
converting FAs to Regular Expressions.

To see how the algorithm will work, we need to study a set of
languages that are derived from nite automata, which we eeto as
\between languages".

25

(3.11) Ordinal Numbers of States

SupposeM is an FA. We de ne a function

ordy 2Qm !'f L ::ijQuigby:ordm ()= jfr2Qw jr qgj.
Here is our standard ordering on symbols. We referdal s (q) as
the ordinal number ofgin M . For example, iflQy = fA;B; Cg, then
ordy (A)=1,o0rdy (B)=2 andord y (C) =3.

Clearly,ord \y is a bijection fromQy to f1; :::;jQm jg. Thus we can
de ne a functionstate y 2f1; :::;jOujg! Qm by: state v (n) =
the uniqueq such thatord \y (q) = n. For example, if

Qm = fA;B;Cg, then state \ (2) = B.

We often abbreviateord y and state \y to ord and state ,
respectively.

26



(3.11) Between Languages
SupposeM is an FA. We de ne a function
Btw v 2f1;:::;jQmjg f 1 :::5jQumijg f 0;:::;jQmjg! Lan

by: Btw  (i;]; k ) is the set of allw 2 Str such that there is a labeled
path

X2 Xn 1

P=a) @) G 1) G
such that
Ip is valid forM ;
W= X1X2 Xp 1 = label (Ip);
ord (o) = i;
ord (ch) = |;
foralll1<l<n ,ord(gq) k.

27

(3.11) Between Languages (Cont.)

In other words,Btw  (i;j; k ) consists of the labels of all of the valid
labeled paths foiM that take usbetweenthe i'th state and thej'th
state without going through anyntermediate states whose ordinal
numbers are greater thak. Here, intermediate doesn't include the
labeled path's start or end states.

We think of theBtw y (i;]; k ) as \between languages”. We often
abbreviateBtw \, to Btw .

28



(3.11) Example Between Languages

SupposeM is the nite automaton

02 Btw (1;2;0), because of the labeled path
0
A) B
(which has no intermediate states).
% 2 Btw (2;2;0), because of the labeled path

B

(which has no intermediate states).

29

(3.11) Example Between Languages (Cont.)

002 Btw (2;2;1) because of the labeled path

% 0 0
B) A) A) B;
(both of the intermediate states aré, and A's ordinal number is
1, which is less-than-or-equal-ti).

111162Btw (2;2;1) because the only valid labeled path between
B and B whose label id111is

11 11
B) B) B;

and this labeled path has an intermediate state whose ordina
number,?2, is greater-thanl.

30



(3.11) More on Between Languages

Consider our example FAM again:

What is another way of describing the language
Btw v (1;1;2)[ Btw y (1;2;2)?

Since the rst argument of each call t®tw is the ordinal number of
M's start state, the second arguments consist of the ordinahrhers
of M's accepting states, and the third argument of each call is

2 = ]Qj, the answer id_(M).

31

(3.11) Recursively ExpressiBgw (i;; K )

If we can gure out how to translate the between languages of rate
automaton to regular expressions, we will be able to tratestdne FA
to a regular expression. The key to translating between laaqggs to
regular expressions is the following lemma, which shows twoexpress
Btw (i;]; k ) recursively.

Lemma 3.11.8
SupposeM is an FA.

Foralll ;) | Qj, Btw y (i;j; 0) =
fw2 Str j(state (i);w;state (j)) 2 Ty g[f %ji=] g
Foralll i;j j Q and0 k< jQj,Btw vy (i;j;k +1)=
Btw w (i;]; k)

[ Btw y(bk +1;k)Btw y (k+1;k+1;k) Btw y(k+1;j;k):

32



(3.11) Conversion Algorithm

Now we de ne a function
faToReg 2 (Reg! Reg)! FA ! Reg:

This function takes in a functiorsimp (like weakSimplify or
simplify (weakSubset )) for simplifying regular expressions, and
returns a function that usesimp in order to turn an FAM into a
regular expression.

Supposesimp 2 Reg ! Reg andM is an FA. We must say what the
regular expressiofmaToReg (simp)(M) is.

33

(3.11) Conversion Algorithm (Cont.)
First, we de ne a function
btw 2f1;:::;jQuijg f 1;:::;jOmjg f 0; :::;jQmjg! Reg
by recursion on its third argument.

Foralll i;j j Qum]j, btw (i;j; 0) is formed by turning each
element ofBtw (i;j; 0) into a regular expression in the obvious
way, putting these regular expressions in order and sumntiggn
together (yielding$ if there aren't any of them), and applying
simp to this regular expression.

Foralll i;j j Qujand0 k< jQu]j, btw (i;j;k +1) is the
result of applyingsimp to

btw (i;j;k )+ btw (i k +1;K)btw (k+1;k+1;k) btw (k+1;j;k)):

34



(3.11) Conversion Algorithm (Cont.)

Actually, we use memoization to avoid computing the resultaogiven
recursive call more than once.

Lemma 3.11.9
Suppose thatsimp( ) ,forall 2 Reg. Foralll i;j | Qu]
and0 Kk j Qumj, L(btw (i;j;k )) = Btw (i;j; k).

Proof. By mathematical induction ork. 2

35

(3.11) Conversion Algorithm (Cont.)

Let qi; :::; ¢, be the accepting states d¥1 . Then
faToReg (simp)(M) is the result of applyingimp to

btw (ord (sw );ord (a1);jQmj) +  + btw (ord (su );ord (ch);jQm J):
(Actually, the btw (ord (s );ord (G);]Qwm J)'s are put in order before
being summed and then simpli ed.)

Thus, assuming thasimp( ) , for all 2 Reg, we will have that

L (faToReg (simp)(M)) = L(btw (ord (sm);ord (ch);jQm i) [ [
L (btw (ord (sm ); ord (ch);jQwm J))

Btw (ord (sm );ord (qn);jQwi) [ [
Btw (ord (sw );ord (¢h);jQwm J)

L(M):

36



(3.11) Conversion Function

Theorem 3.11.10
For allsimp 2 Reg ! Reg such that,

forall 2 Reg, simp( ) and
alphabet (simp( )) alphabet ( ),

andM 2 FA :
L (faToReg (simp)(M)) = L(M);
faToReg (simp)(M) = simp( ), for some 2 Reg;
alphabet (faToReg (simp)(M)) alphabet (M);

if M is simpli ed, then
alphabet (faToReg (simp)(M)) = alphabet (M).

37

(3.11) Conversion Example

Supposesimp 2 Reg ! Reg is simplify (weakSubset ) andM is
our example FA:

Since bothA and B are accepting statedfaToReg (simp)(M) will be
simp(btw (1;1;2) + btw (1;2; 2)):

(Actually, btw (1;1;2) and btw (1; 2; 2) should be put in order, before
being summed and then simpli ed.) Thus we must work out the
values ofbtw (1;1;2) and btw (1;2; 2).

38



(3.11) Conversion Example (Cont.)

We begin by working top-down:

btw (1;1;2) = simp(btw (1;1;1) + btw (1;2; 1) btw (2;2;1) btw (2;1,;1));
btw (1;2;2) = simp(btw (1;2;1) + btw (1;2;1)btw (2;2;1) btw (2;2;1));
btw (1;1;1) = simp(btw (1;1;0) + btw (1;1;0)btw (1;1;0) btw (1;1;0));
btw (1;2; 1) = simp(btw (1;2;0) + btw (1;1;0)btw (1;1;0) btw (1;2;0));
btw (2; 1;1) = simp(btw (2;1;0) + btw (2;1;0)btw (1;1;0) btw (1;1;0));
btw (2;2; 1) = simp(btw (2;2;0) + btw (2;1;0)btw (1;1;0) btw (1;2;0)):

Next, we need to work out the values btw (1; 1;0), btw (1; 2;0),
btw (2;1;0) and btw (2; 2;0).

39

(3.11) Conversion Example (Cont.)

SinceBtw (1;1;0) = f%; 0g, we have thatbtw (1;1;0) =% + 0.
SinceBtw (1;2;0) = f0g, we have thatbtw (1;2;0) = 0.
SinceBtw (2; 1;0) = f%g, we have thatbtw (2;1;0) = %.
SinceBtw (2;2;0) = f%;11g, we have thatbtw (2;2;0) =% + 11

Thus, working bottom-up, and using Forlan to do the simpli tan,
we have:

btw (1;1;1) = simp(btw (1;1;0) + btw (1;1;0)btw (1;1;0) btw (1;1;0))
simp((% + 0) + (% + 0)(% + 0) (% + 0)

0:

40



(3.11) Conversion Example (Cont.)

Continuing, we have:

btw (1;2;1) = simp(btw (1;2;0) + btw (1;1;0)btw (1;1;0) btw (1;2;0))
simp(0+ (% + 0)(% + 0) 0)

= 00 ;

btw (2;1;1) = simp(btw (2;1;0) + btw (2;1;0)btw (1;1;0) btw (1;1;0))
simp(% + %(% + 0) (% + 0))
0;

btw (2;2;1)

simp(btw (2;2;0) + btw (2;1;0) btw (1;1;0) btw (1;2;0))
simp((% + 11) + %(% + 0) 0)
=0 + 1L

41

(3.11) Conversion Example (Cont.)
Continuing further, we have:

btw (1;1;2) = simp(btw (1;1;1) + btw (1;2;1) btw (2;2;1) btw (2;1;1))
= simp(0 +(00)(0 +11) 0)
=%+ 00+ 11) ;

btw (1;2;2) = simp(btw (1;2;1) + btw (1;2;1)btw (2;2;1) btw (2;2; 1))
= simp(00 +(00)(0 + 11) (0O + 11))
= 00+ 11) :

Finally, (sincebtw (1;1;2) is greater-thanbtw (1;2;2)) we have that:

faToReg (simp)(M) = simp(btw (1;2; 2) + btw (1;1;2))
= simp(0(0+ 11) + (% + 0(0+ 11) ))
=%+ 00+ 11) :

42



(3.11) Converting FAs to Regular Expressions in
Forlan

The Forlan module=Acontains the function
val toReg : (reg -> reg) -> fa -> reg

which corresponds to our functiofaToReg and is available in the
top-level environment with that name:

val faToReg : (reg -> reg) -> fa -> reg

The modulesDFA NFAand EFAinherit the toReg function from FA
and these functions are available in the top-level envirentwith the
namesdfaToReg nfaToRegand efaToReg

43

(3.11) Forlan Example

Supposefa is bound to our example FA

We can convertia into a regular expression as follows:

- val reg = faToReg (Reg.simplify Reg.weakSubset) fa;
val reg = - : reg

- Reg.output(™, reg);

% + 0(0 + 11)*

val it = () : unit

44



(3.11) Regular Languages

Since we have algorithms for converting back and forth betwee
regular expressions and nite automata, as well as algarighfor
converting FAs to EFAs, EFAs to NFAs, and NFAs to DFAs, we have
the following theorem:

Theorem 3.11.11
Supposel is a language. The following statements are equivalent:

L is regular;

is generated by a regular expression;
is accepted by a nite automaton;

is accepted by an EFA;

is accepted by an NFA;

r - - - I

is accepted by a DFA.
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(3.11) Intersections of EFASs

Consider the EFA$1, and M »:
0 1 1 0

-

% %
Start Start

(M1) (M2)
How can we construct an EFAl such thatL(N) = L(M1)\ L(M2)?

The idea is to make the states df represent pairs of the fornq;r),
whereq2 Qu, andr 2 Qu,.

46



(3.11) Auxiliary Functions

In order to de ne our intersection operation on EFAs, we rsead to
de ne two auxiliary functions. Supposkl; and M, are EFAs.

We de ne a function
nextsym y.,.v, 2 (Qu, Qm,) Sym!P (Qmu, Qw.)
by nextSym .., ((g;1);a) =
f(Lr9j(aad)2 Tw, and(na;r9 2 T, o

We often abbreviatenextSym , ., to nextSym . If My and M
are our example EFAs, then

nextSym ((A;A);0) = ;;

nextSym ((A;B);0) = f(A;B)g.
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(3.11) Auxiliary Functions (Cont.)
SupposeM; and M, are EFAs. We de ne a function
nextEmp ., 2 (Qu, Qwm,)!'P (Qu, Qwm,)
by nextEmp ,.u,(Q;1) =
P ) (@% ) 2 Tw, gL (@) (n%ir) 2 Tw, @

We often abbreviatenextEmp ., to nextemp . If My and M
are our example EFAs, then

nextEmp (A:A) = f(B;A):;(A;B)g;

nextEmp (A;B) = f(B;B)g;

nextEmp (B;A) = f(B;B)g;

nextEmp (B;B) = ;.
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(3.11) Intersection Algorithm

Now, we de ne a functioninter 2 EFA EFA ! EFA such that
L(inter (M1;M3)) = L(M1)\ L(My), for all M1;M, 2 EFA . Given
EFAsM 1 and M, inter (M1; M) is the EFAN that is constructed as
follows.

First, we let = alphabet (M1)\ alphabet (My).
Next, we generate the least subs¥t of Qy, Qum, such that
(SMl;SMz) 2 X

forallg2 Qu,,r 2 Qu, anda2 ,if (q;r) 2 X, then
nextSym ((qg;r);a) X;

forallg2 Qu, andr 2 Qu,, if (g;r) 2 X, then
nextEmp (q;r) X.

49

(3.11) Intersection Algorithm (Cont.)

Then, the EFAN is de ned by:
Qn = fhojrij (a;r) 2 X g;
SN = PBm,;Sm,i;
An = fha;rij (g;r) 2 X andg?2 Ay, andr 2 Ay, 0;
TN =
f (hg;ri;a;hg%r%)j(q;r)2 X anda2 and
(d’r% 2 nextsym ((q;r);a) g
[f (ho;ri;%;hg%r%)j(g;r) 2 X and
(¢%r9 2 nextEmp (q;r) g:
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(3.11) Intersection Example

SupposeM ;1 and M, are our example EFAs. Themter (M1; M) is

51

(3.11) Intersection Algorithm (Cont.)
Theorem 3.11.12
For allM{;M> 2 EFA :
L(inter (M1;M2))= L(M1)\ L(My); and
alphabet (inter (M1;M;)) alphabet (M1)\ alphabet (M5).

Proposition 3.11.13
For allM1; M5 2 NFA | inter (M1;M>) 2 NFA .

Proposition 3.11.14
For allM1;M, 2 DFA |, inter (M1;M3) 2 DFA .
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(3.11) Complementation of DFAs

Next, we de ne a functioncomplement 2 DFA  Alp ! DFA
such that, for allM 2 DFA and 2 Alp,

L (complement (M; ))=( alphabet (L(M))[ ) L(M):

In the common case wheh(M ) , we will have that

alphabet (L(M)) , and thus that

(alphabet (L(M))[ ) = . Hence, it will be the case that
L (complement (M; )) = L(M):
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(3.11) Complementation of DFAs (Cont.)

Given a DFAM and an alphabet , complement (M; ) is the DFA
N that is produced as follows. First, we let the DFA
M = determSimplify (M; ) . Thus:

M 9 is equivalent toM ;

alphabet (M9 = alphabet (L(M)) [
Then, we de neN by:

Qn = Qwmo;

SN = Smo;

An = Qmo  Amo;

Tn = Tumo.
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(3.11) Complementation of DFAs (Cont.)

Then, for all
w 2 alphabet (M9 = alphabet (N) = (alphabet (L(M)[ ) ,

w2L(N) i N (S ;W) 2 Ay
i n(SNiW) 2 Qumo  Ano
I mo(Smo; W) 62Ap o
i weaA (M9
i wo62A(M):
Hence:

Theorem 3.11.15
For allM 2 DFA and 2 Alp:

L (complement (M; ))=( alphabet (L(M))[ ) L(M);
alphabet (complement (M; ))= alphabet (L(M)) [
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(3.11) Complementation Example

For example, suppose the DR¥ is

0;1;2
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(3.11) Complementation Example (Cont.)
Thus complement (M; f2g) is

Let X = fw2f0;1g j 000is not a substring ofv g.
Then L(complement (M; f2g)) is
(alphabet (L(M)) [f 2g) L(M)
=(f0;1g[f 290 X
fw2f0;1,2g jwb2X g
fw2f0;1,2g |22 alphabet (w) or 000is a substring ofv g:
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(3.11) Set Di erence of DFAs
We de ne a functionminus 2 DFA DFA ! DFA by:
minus (M1;M>) = inter (M;complement (M,;alphabet (M1))):
Theorem 3.11.16
For allM1;M, 2 DFA , L(minus (M1;M2))= L(M;) L(My).
Proof.

w 2 L(minus (M1; M>y))

i w2 L(inter (My;complement (Mj;alphabet (M1))))

i w2L(M;)andw 2 L(complement (M,;alphabet (M3)))

i w2L(M;)andw 2 (alphabet (L(M>)) [ alphabet (M1)) and
w 62 (M>)

i w2L(M;)andw 62 (My)

i w2L(Mp) L(My):

58



(3.11) Summary of Closure Properties

Theorem 3.11.25
Suppose; L 1;L, 2 RegLan . Then:

L:[ L2 2 RegLan (because of the operationnion on FAS);

L.L, 2 RegLan (because of the operationoncat on FAS);

L 2 RegLan (because of the operationlosure on FAS);

L1\ L, 2 RegLan (because of the operatiomter on EFAS);

L; L, 2 RegLan (because of the operatiominus on DFAS).
The book shows several additional closure properties of leggu

languages, in addition to giving the corresponding opeyasi on
regular expressions and automata.
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(3.11) Intersections, Complementations and
Di erences in Forlan

The Forlan moduleEFAde nes the function

val inter : efa * efa -> efa

which corresponds tinter . It is also inherited by the moduleSFA
and NFA

The Forlan module DFA de nes the functions

val complement : dfa * sym set -> dfa
val minus . dfa * dfa -> dfa

which correspond t@womplement and minus .

The book shows how several other operations on automata adles
expressions can be used in Forlan.
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(3.11) Forlan Examples

Suppose the identi erefal andefa2 of type efa are bound to our
example EFAV; and M 5:

0 1 1 0
% %
Start G Start a
(M1) (M2)
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(3.11) Forlan Examples (Cont.)

Then, we can construcinter (M1; M) as follows:

- val efa = EFA.inter(efal, efa2);

val efa = - : efa

- EFA.output(", efa);

{states}

<AA>, <A B>, <B,A>, <B,B>

{start state}

<A,A>

{accepting states}

<B,B>

{transitions}

<AA>, % -> <AB> | <B,A>; <AB>, % -> <B,B>;
<A,B>, 0 -> <A,B>; <B,A>, % -> <B,B>; <B,A>, 1 -> <B,A>
val it = () : unit
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(3.11) Forlan Examples (Cont.)

Thus efa is bound to the EFA
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(3.11) Forlan Examples (Cont.)

Supposedfa is bound to our example DFAM

Then we can construct the DFAomplement (M; f2g) as follows:

- val dfa’ = DFA.complement(dfa, SymSet.input ™);
@2
@.

val dfa' = - : dfa
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(3.11) Forlan Examples (Cont.)

- DFA.output(", dfa’);

{states}

A, B, C, <dead>

{start state}

A

{accepting states}

<dead>

{transitions}

A 0->B; A 1->A A 2 -><dead>; B, 0 -> C;
B,1->A; B, 2-><dead>; C, 0 -> <dead>; C, 1 -> A,
C, 2 -> <dead>; <dead>, 0 -> <dead>; <dead>, 1 -> <dead>;
<dead>, 2 -> <dead>

val it = () : unit
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(3.11) Forlan Examples (Cont.)

Thus dfa' is bound to the DFA
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(3.11) Forlan Examples (Cont.)

Suppose the identi erefal andefa2 of type efa are bound to our
example EFAV; and M 5:

0 1 1 0
% %
Start G Start a
(M1) (M2)

We can construct an EFA that accepis(M1) L(M) as follows:

- val dfal = nfaToDFA(efaToNFA efal);

val dfal = - : dfa

- val dfa2 = nfaToDFA(efaToNFA efa2);
val dfa2 = - : dfa

- val dfa = DFA.minus(dfal, dfa2);

val dfa = - : dfa
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(3.11) Forlan Examples (Cont.)

- val efa = injDFATOEFA dfa;

val efa = - : efa

- EFA.accepted efa (Str.input ");
@01

@.

val it = true : bool

- EFA.accepted efa (Str.input ™);
@0

@.

val it = false : bool
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