Section 3.10: Deterministic Finite Automata

In this section, we study the third of our more restricted ksdf nite
automata: deterministic nite automata.
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(3.10) Introduction (Cont.)

A deterministic nite automaton(DFA) M is a nite automaton such
that:

Tw f (4;x;r)jg;r2 Sym andx 2 Str andjxj =1 g;

forallg2 Qy anda 2 alphabet (M), there is a unique 2 Qy
such that(q;a;r) 2 Ty .

In other words, an FA is a DFA i it is an NFA and, for every statp
of the automaton and every symbal of the automaton's alphabet,
there is exactly one state that can be entered from statéy reading
a from the automaton's input.

We write DFA for the set of all deterministic nite automata. Thus
DFA ( NFA ( EFA ( FA.



(3.10) Example DFA

Let M be the nite automaton

ThenL(M)= fw2f0;1g j000is not a substring ofv g.

IsM a DFA? No.M is an NFA. ButO 2 alphabet (M) and there is
no transition of the form(C; O;r).

(3.10) Example DFA (Cont.)

We can makeM into a DFA by adding a dead statB:

We will never need more than one dead state in a DFA.



(3.10) Properties of DFAs

The following proposition obviously holds.

Proposition 3.10.1
SupposeM is a DFA.

For allN 2 FA , if M iso N, then N is a DFA.

For all bijectionsf from Qy to some set of symbols,
renameStates (M;f ) is a DFA.

renameStatesCanonically (M) is a DFA.

(3.10) The Function

Proposition 3.10.2
SupposeM is a DFA. For allg2 Qy andw 2 alphabet (M) ,
j m(fagw)j=1.

Proof. An easy left string induction onv. 2

SupposeM is a DFA. Because of Proposition 3.10.2, we can de ne a
function y 2 Qu alphabet (M) ! Qum by:

v (d; W) = the uniquer 2 Qy such thatr 2 (fqg; w):

In other words, v (g;w) is the unique state of M that is the end of
a valid labeled path foM that starts at g and is labeled byv. Thus,
forallg;r 2 Qu andw 2 alphabet (M) ,

m(@sw)=r i r2 wm(fagw):
We sometimes abbreviatey (q;w) to (q;w).
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(3.10) Example Uses of

For example, ifM is the DFA

then
(A;%) = A,
(A;0100 = C;
(B;00010Q = D.

(3.10) Properties of

Proposition 3.10.3
SupposeM is a DFA.

(1) Forallg2 Qum, m(9;%)= q.

(2) Forallq2 Qu anda 2 alphabet (M), wm (Qg;a = the unique
r 2 Qm such that(q;a;r) 2 Ty .

(3) Forallg2 Qu andx;y 2 alphabet (M) ,
m(Adxy) = wm(wm(d:X);Y).

SupposeM is a DFA. By Part (2) of the proposition, we have that, for
allg;r2 Qu anda 2 alphabet (M),

m(@ad=r i (d;a;1) 2 Tw:



(3.10) Properties of (Cont.)

Proposition 3.10.4
SupposeM is a DFA.
L(M)= fw2 alphabet (M) | m(sw;w)2 Aum Q.

Proof. Supposewv 2 L(M). Thenw 2 alphabet (M) and there is
ag2 Ay suchthatg2 y(fsyg;w). Thus v (sy;w)=q2 Ay .

Supposew 2 alphabet (M) and y (sm;w) 2 Ay . Then
m(Smiw)2 wm(fswo;w), and thusw2 L(M). 2

(3.10) Checking Acceptance in DFAs

The preceding propositions give us an e cient algorithm fohecking
whether a string is accepted by a DFA. For example, suppdsés the
DFA

To check whethei0100is accepted byM , we need to determine
whether (A;0100 2 f A; B; Cg.
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(3.10) Checking Acceptance in DFAs (Cont.)

We have that:

(A;0100 = ( (A;0);100
(B; 100

( (B;1);00
(A; 00

( (A;0);0)
(B;0)

=C
2fA;B;Cqg:

Thus 0100is accepted by .
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(3.10) Proving the Correctness of DFAs

Since every DFA is an NFA, we could prove the correctness of DFA
using the techniques that we have already studied.

We can often avoid a lot of work, however, by exploiting thetféhat
we are working with DFASs.

It will also be convenient to express things using thge function
rather than the ,, function.
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(3.10) Example DFA Correctness Proof

SupposeM is the DFA

and letX = fw2f0;1g j000is not a substring ofv g.
We will show thatL(M) = X.
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(3.10) Example Correctness Proof (Cont.)

We will use left string induction to prove that, for alv 2 f 0; 1g ,
(A) if (A;w)= A, thenw 2 X andO0is not a su x of w;
(B) if (A;w)= B, thenw 2 X and0, but not 00, is a su x of w;
©) if (A;w)= C,thenw 2 X and00is a su x of w;
(D) if (A;w) = D, thenw 62X .
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(3.10) Example Correctness Proof (Cont.)

(Basis Step) We must show that
(A) if (A;%)= A, then% 2 X andO is not a su x of %;
(B) if (A;%) = B, then% 2 X andO, but not 00, is a su x of %;
(C) if (A;%)=C,then% 2 X and00is a su x of %;
(D) if (A;%) = D, then % 62X..
Part (A) holds since% has no0O's.

Parts (B){(D) hold \vacuously", since (A;%) = A, by
Proposition 3.10.3(1).
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(3.10) Example Correctness Proof (Cont.)

(Inductive Step) Suppose 2f0;1gandw 2 f 0; 1g . Assume the
inductive hypothesis:

(A) if (A;w)= A, thenw 2 X andO is not a su x of w;
B) if (A;w)= B, thenw 2 X and0, but not 00, is a su x of w;
(C) if (A;jw)= C,thenw 2 X and00is a su x of w;
(D) if (A;w)= D, thenw 62X .
We must show that:
(A) if (A;wa)= A, thenwa2 X andO0 is not a su x of wa;

(B) if (A;wa)= B, thenwa?2 X andO0, but not 00, is a su x of
wa,;

(C) if (A;wa) = C, thenwa?2 X and00is a su x of wa;
(D) if (A;wa)= D, thenwa 62X .
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(3.10) Example Correctness Proof (Cont.)

(A) Suppose (A;wa) = A. We must show thatwa 2 X andO is
not a su x of wa. By Proposition 3.10.3(3), we have that

( (A;w);a)= (A;jwa)= A. Thus( (A;w);a;A) 2 T, by
Proposition 3.10.3(2). Thus there are three cases to consider.

Suppose (A;w) = A anda = 1. By Part (A) of the inductive
hypothesis, we have that 2 X. Thuswa= w12 X andOis
not a su x of wl= wa.

Suppose (A;w) = B anda = 1. By Part (B) of the inductive
hypothesis, we have thaty 2 X. Thuswa= w12 X andOis
not a su x of wl= wa.

Suppose (A;w) = Canda = 1. By Part (C) of the inductive
hypothesis, we have thatt 2 X. Thuswa= w12 X andO s
not a su x of wl= wa.
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(3.10) Example Correctness Proof (Cont.)

(B) Suppose (A;wa) = B. We must show thatwa 2 X and 0, but
not 00, is a su x of wa. Since ( (A;w);a) = (A;wa)= B, we have
that ( (A;w);a;B) 2 T. Thus (A;w) = Aanda= 0. By Part (A) of
the inductive hypothesis, we have that 2 X and O is not a su x of
w. Thuswa= w02 X, Ois a sux of wO= wa, and 00 is not a
sux of w0 = wa.
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(3.10) Example Correctness Proof (Cont.)

(C) Suppose (A;wa) = C. We must show thatwva2 X and00is a
sux of wa. Since ( (A;w);a)= (A;wa)= C, we have that

( (A;w);a;C) 2 T. Thus (A;w)= B anda= 0. By Part (B) of the
inductive hypothesis, we have that 2 X andO, but not 00, is a
sux of w. Sincew 2 X andO00is not a su x of w, we have that
wa= w02 X. And, since0 is a su x of w, we have that00 is a

su x of w0 = wa.
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(3.10) Example Correctness Proof (Cont.)

(D) Suppose (A;wa) = D. We must show thatwa 62X . Since
( (A;w);a)= (A;wa) = D, we have that( (A;w);a;D) 2 T. Thus
there are three cases to consider.

Suppose (A;w) = Canda = 0. By Part (C) of the inductive
hypothesis, we have thal0 is a su x of w. Thuswa = w0 62X .

Suppose (A;w) = D anda = 0. By Part (D) of the inductive
hypothesis, we have thaw 62X . Thuswa 62X .

Suppose (A;w) = D anda = 1. By Part (D) of the inductive
hypothesis, we have thaw 62X . Thus wa 62X .
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(3.10) Example Correctness Proof (Cont.)

Now, we use the result of our left string induction to proveath
L(M)= X.

(L(M) X) Supposew 2 L(M). Then
w 2 alphabet (M) = f0;1g and (A;w) 2fA;B;Cg. By
Parts (A)}{(C), we have thatw 2 X.

(X L(M)) Supposew 2 X. SinceX f 0;1g , we have that
w 2 f 0;1g . Suppose, toward a contradiction, thaty 62_(M ). Thus

(A;w) 62 AA; B; Cg, so that (A;w) = D. But then Part (D) tells us
that w 62X |contradiction. Thus w2 L(M).
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(3.10) Simpli cation of DFAs

Let M be our example DFA

IsM simpli ed? No, since the stat® is dead. But if we get rid oD,
then we won't have a DFA anymore.

Thus, we will need:

a notion of when a DFA is simpli ed that is more liberal than ou
standard notion;

a corresponding simpli cation procedure for DFAs.
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(3.10) Deterministically Simpli ed DFAs

We say that a DFAM is deterministically simpli edi
every element o)y, is reachable; and
at most one element of),, is dead.

For example, consider the following DFAs, which both accept

0

Start @ Start @

(M1) (M2)

Is M1 deterministically simpli ed? Yes|sinceA is reachable iV,
and A is the only dead state oM ;.

Is M, deterministically simpli ed? Yes|for the same reason.
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(3.10) A Simpli cation Algorithm for DFAs

We de ne a simpli cation algorithm for DFAs that takes in
a DFAM and
an alphabet
and returns a DFAN such that
N is deterministically simpli ed,
N is equivalent toM ,
alphabet (N) = alphabet (L(M)) [

Thus, the alphabet ofN will consist of all symbols that either appear
in strings that are accepted bl or are in
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(3.10) A Simpli cation Algorithm (Cont.)

We begin by letting the FAM © be simplify (M), i.e., the result of
running our simpli cation algorithm for FAs oM . M % will have the
following properties.

M %is simpli ed.
MO M.
alphabet (M9 = alphabet (L(M9) = alphabet (L(M)).

For allq2 Quo anda 2 alphabet (M9, there is at most one

r 2 Quo such that(q;a;r) 2 Ty 0. This property holds sincé is
a DFA andM ° was formed by removing states and transitions
from M .
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(3.10) A Simpli cation Algorithm (Cont.)

Let 9= alphabet (M9 [ = alphabet (L(M))[ . IfMC%isa
DFA andalphabet (M9 = 9 then we returnM © as our DFA,N .
Otherwise, we must turrivi ®into a DFA whose alphabet is°. We
have that

alphabet (M9 % and

forallq2 Quoanda?2 © there is at most ong 2 Qu o such
that (g;a;r) 2 Tyo.

SinceM  is simpli ed, there are two cases to consider.
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(3.10) A Simpli cation Algorithm (Cont.)

If M % has no accepting states, thes, o is the only state ofvi ® and
M © has no transitions. Thus we can de ne our DPA by:

Qn = Qmo = fsyog;
SN = Sm o,
AN = Ao =3,

Tn = f(swo;a;swo)ja2 Og.
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(3.10) A Simpli cation Algorithm (Cont.)

Alternatively, M ° has at least one accepting state. Thull|° has no
dead states. We de ne our DFA by:

Qn = Qmo[fh deadg (we put enough brackets arounitiead so
that it's not in Qy o);

SN = Smo;

An = Ano;

Tn = Two[ TO whereTCis the set of all tripleqq; a;hdead)
such that either

{ g2 Quoanda?2 9 butthereis nor 2 Qyo such that
(g;a;1) 2 Ty o; or
{ q= hdead anda2 °
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(3.10) De nition of determSimplify  Function

We de ne a functiondetermSimplify 2 DFA  Alp ! DFA by:
determSimplify  (M; ) is the result of running the above algorithm
onM and

Theorem 3.10.7
ForallM 2 DFA and 2 Alp :

determSimplify (M; ) is deterministically simpli ed;
determSimplify (M; ) is equivalent toM ; and
alphabet (determSimplify (M; ))= alphabet (L(M)) [
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Example DFA Simpli cation

For example, supposk! is the DFA

0;1;2
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(3.10) Converting NFAs to DFAs

SupposeM is the NFA

1 0
1 1

How can we converM into a DFA?

Our approach will be to convertl into a DFA N whose states
represent the elements of the set

f m({fAgw)jw2f0;1g g

For example, one the states of will be hA; Bi, which represents
fA;Bg= wm(fAg;1). This is the state that our DFA will be in after
processindl from the start state.
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(3.10) A Proposition About for NFAs

Before describing our conversion algorithm, we rst statgpeoposition
concerning the function for NFAs and say how we will represent
nite sets of symbols as symbols.

Proposition 3.10.8
SupposeM is an NFA.

(1) ForallP  Qum, wm(P;%)=P.

(2) ForallP Qu anda?2 alphabet (M),
m(P;a)=1fr2Qum j(p;a;r) 2 Ty ; for somep 2 P g.

(3) ForallP Qu andx;y 2 alphabet (M) ,
m(Pixy)= m( m(P:ix)y).
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(3.10) Representing Finite Sets of Symbols as

Symbols
Given a nite set of symbol$, we write P for the symbol
hay: i anl;
whereay; :::;a, are all of the elements d?, in order according to

our ordering onSym , and without repetition. For example,
fB;Ag= hA;Bi and; = hi.

It is easy to see that, iP andR are nite sets of symbols, then
P=Ri P=R.
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(3.10) Our NFA to DFA Conversion Algorithm

We convert an NFAM into a DFA N as follows. First, we generate
the least subseX of P(Qu ) such that:

fsmg2X;

forallP 2 X anda 2 alphabet (M), n(P;a) 2 X.
Then we de ne the DFAN as follows:

Qu=fPjP2Xg;

sn = fswg=hswi;

Ay =fPjP2X andP\ Ay 6 ;g;

Tn = f(P;a; wm(P;a)jP 2 X anda?2 alphabet (M) g.

Then N is a DFA with alphabetalphabet (M) and, for allP 2 X
anda 2 alphabet (M), n(P;a) = w(P;a).
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(3.10) Conversion Example

SupposeM is the NFA

1 0
1 1

Let's work out what the DFAN is.

To begin with,fAg 2 X, so thathAi 2 Qn . And hAI is the start
state of N. It is not an accepting state, sincé& 62Ay, .

SincefAg 2 X, and ( fAg;0) = ;, we add; to X, hito Qy and
(PAI; O; hi) to Ty .

SincefAg 2 X, and ( fAg;1) = fA;Bg, we addf A;Bgto X,
hA; Bi to Qny and (hAi;1;bA;Bi) to Ty .
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(3.10) Conversion Example (Cont.)

Since; 2 X, ( ;;0)=; and;2 X, we don't have to add
anything to X or Qu , but we add(hi;O; hi) to Ty .

Since; 2 X, ( ;;1)=; and;2 X, we don't have to add
anything to X or Qy , but we add(hi; 1; hi) to Ty .

SincefA;Bg 2 X, ( fA;Bg;0)=; and; 2 X, we don't have to
add anything toX or Qy , but we add(hA; Bi;0; hi) to Ty .
SincefA;Bg2 X, ( fA;Bg;1) = fA;Bg[f Cg= fA;B;Cg, we
addfA;B;Cgto X, hA;B; Ci to Qn, and (PA;Bi; 1;hA; B; Ci) to
Tn - Sincef A; B; Cg contains (the only) one oM 's accepting
states, we addA;B;Ci to Ay .
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(3.10) Conversion Example (Cont.)

SincefA;B;Cg2 X and ( fA;B;Cg;0)= ;[;[f Cg= fCg, we
addfCgto X, hCi to Qy and (hA;B; Ci;0;hCi) to Ty . Since

f Cg contains one oM 's accepting states, we addCi to Ay .
SincefA;B;Cg 2 X,

( fA;B;Cg;1) = fA;Bg[f Cg[; =fA;B;Cgand

fA;B;Cg 2 X, we don't have to add anything tX or Qy , but
we add(hA;B; Ci;1;bA;B;Ci) to Ty .

SincefCg 2 X, ( fCg;0)= fCgandfCg 2 X, we don't have to
add anything toX or Qy , but we add(hCi; 0; hCi) to Ty .

SincefCg 2 X, ( fCg;1)=; and;2 X, we don't have to add
anything to X or Qu, but we add(hCi; 1; hi) to Ty .
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(3.10) Conversion Example (Cont.)

Since there are no more elements to addXq we are done. Thus, the
DFA N is
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(3.10) Correctness of Conversion Algorithm

Lemma 3.10.9
For allw 2 alphabet (M) :

v (fsmogw) 2 X; and

n(sSn;wW) = wm(fsmgw).
Proof. By left string induction.

(Basis Step) We have that  (fsy g;%) = fsy g2 X and
N(SN;%):SN :fSMg: M(fSMg;%).
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(3.10) Correctness (Cont.)

Proof (cont.). (Inductive Step) Supposea 2 alphabet (M) and
w 2 alphabet (M) . Assume the inductive hypothesis:
M(Esmogw) 2 X and y(Sh;w) = m(fsugw).

Since y (fsmg;w) 2 X anda 2 alphabet (M), we have that
m(fsmgwa)= m( m(fswgw);a) 2 X. Thus

N(Snswa)= N ( n(Sniw);a)

N( m(fswgiw);a) (ind. hyp.)
m( m(fswgw)a)

m (fsm g;wa):
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(3.10) Correctness (Cont.)

Lemma 3.10.10
L(N)=L(M).

Proof. (L(M) L(N)) Supposew 2 L(M), so that
w 2 alphabet (M) = alphabet (N) and y (fsyg;w)\ Ay 6 ;
By Lemma 3.10.9, we have that y (fsy g;w) 2 X and

Nn(Sniw) = m(fsmgyw). Since y (fsywgyw) 2 X and

v (fsmagw)\ Ay 6 ;, it follows that

n(Sniw)= m(fsmgw)2 An. Thusw 2 L(N).

(L(N) L(M)) Supposew 2 L(N), so that

w 2 alphabet (N) = alphabet (M) and n(sSy;w) 2 Any. By

Lemma 3.10.9, we have thaty (sy ;W) = m (fsy g;w). Thus
vm(fsmg;w) 2 Ay, sothat y (fsyg,w)\ Ay 6 ;. Thus

w2L(M). 2
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(3.10) Conversion Function

We de ne a functionnfaToDFA 2 NFA ! DFA by:
nfaToDFA (M) is the result of running the preceding algorithm with
input M .

Theorem 3.10.11
For allM 2 NFA :

nfaToDFA (M) M and
alphabet (nfaToDFA (M)) = alphabet (M).
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(3.10) Processing DFAs in Forlan

The Forlan moduleDFAde nes an abstract typedfa (in the top-level
environment) of deterministic nite automata, along witharious
functions for processing DFAs.

Values of typedfa are implemented as values of tyfe, and the
module DFA provides the following injection and projectimctions

val injToFA . dfa -> fa
val injToEFA . dfa -> efa
val injToNFA . dfa -> nfa

val projrromFA : fa -> dfa
val projfromEFA : efa -> dfa
val projrromNFA : nfa -> dfa

These functions are available in the top-level environmerthwhe
namesinjDFAToFA inNjDFATOEFA injDFAToNFA projFAToDFA
projEFAToDFAand projNFAToDFA
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(3.10) Processing DFAs in Forlan (Cont.)

The moduleDFAalso de nes the functions:

val input . string -> dfa

val determProcStr : dfa -> sym * str -> sym
val determAccepted : dfa -> str -> bool

val determSimplify : dfa * sym set -> dfa

val fromNFA : nfa -> dfa

The functioninput is used to input a DFA. The function
determProcStr is used to compute (q;w) for a DFAM, using the
properties of y . The function determAccepted uses

determProcStr to check whether a string is accepted by a DFA. The
function determSimplify  corresponds taletermSimplify . The
function fromNFAcorresponds to our conversion functioiaToDFA
and is available in the top-level environment with that name

val nfaToDFA : nfa -> dfa
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(3.10) Processing DFAs in Forlan (Cont.)

Most of the functions for processing FAs that were introddce
previous sections are inherited BFA

val output . string * dfa -> unit

val numStates : dfa -> int

val numTransitions : dfa -> int

val alphabet . dfa -> sym set

val equal . dfa * dfa -> bool

val isomorphism : dfa * dfa * sym_rel -> bool
val findlsomorphism . dfa * dfa -> sym_rel

val isomorphic . dfa * dfa -> bool

val renameStates . dfa * sym_rel -> dfa

val renameStatesCanonically : dfa -> dfa
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(3.10) Processing DFAs in Forlan (Cont.)

More inherited functions:

val processStr : dfa -> sym set * str -> sym set

val accepted . dfa -> str -> bool

val checkLP . dfa -> Ip -> unit

val validLP : dfa -> Ip -> bool

val findLP . dfa -> sym set * str * sym set -> Ip

val findAcceptingLP : dfa -> str -> Ip
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(3.10) Forlan Examples

Supposedfa is the dfa

We can turndfa into an equivalent deterministically simpli ed DFA
whose alphabet is the union of the alphabet of the languageliaf
andf 2g, i.e., whose alphabet i§0; 1; 2g, as follows.

- val dfa’ = DFA.determSimplify(dfa, SymSet.input "™);
@2
@.

val dfa' = - : dfa
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(3.10) Forlan Examples (Cont.)

- DFA.output(", dfa’);

{states}

A, B, C, <dead>

{start state}

A

{accepting states}

A, B, C

{transitions}

A 0->B;A 1->A A 2 -><dead>; B, 0 -> C;
B,1->A; B, 2-><dead>; C, 0 -> <dead>; C, 1 -> A,
C, 2 -> <dead>; <dead>, 0 -> <dead>; <dead>, 1 -> <dead>;
<dead>, 2 -> <dead>

val it = () : unit
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(3.10) Forlan Examples (Cont.)

Thusdfa' is

0;1;2
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(3.10) Forlan Examples (Cont.)

Suppose thainfa is the nfa

1 0
1 1

We can converinfa to a DFA as follows:

- val dfa = nfaToDFA nfa;
val dfa = - : dfa
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(3.10) Forlan Examples (Cont.)

- DFA.output("™, dfa);

{states}

<>, <A>, <C>, <A,B>, <A,B,C>

{start state}

<A>

{accepting states}

<C>, <AB,C>

{transitions}

<> 0>, 1l > <> <A> 0> <o <A>, 1 > <AB>;
<C>, 0 > <C>; <C>, 1 > <>; <AB>, 0 -> <>;
<AB> 1 -> <AB,C>; <AB,C>, 0 -> <C>;
<AB,C>, 1 -> <A/B,C>

val it = () : unit
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(3.10) Forlan Examples (Cont.)

Thus dfa is
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